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Recently M. Horodecki, P. Horodecki and R. Horodecki have introduced a set of density matrices 
of two spin-1 particles from which it is not possible to distill any maximally entangled states, even 
though the density matrices are entangled. Thus these density matrices do not allow reliable tele- 
portation. However it might nevertheless be the case that these states can be used for teleportation, 
not reliably, but still with fidelity greater than that which may be achieved with a classical scheme. 
We show that, at least for some of these density matrices, teleportation cannot be achieved with 
better than classical fidelity. 

PACS numbers: 03.65.Bz 



Non-locality, discovered by Bell more than thirty years 
ago, has recently shown itself to have many manifes- 
tations: teleportation ffl, distillabihty ||, reduction of 
communication complexity |3| etc. It is not clear yet 
what the relations between these different manifestations 
are |. 

In two very interesting papers [^|^] a set of density ma- 
trices of two spin-1 particles were introduced from which 
it is not possible to distill any states of which are max- 
imally entangled even though the density matrices are 
entangled. This is very surprising since in the case of 
spin-1/2 particles, any entangled density matrix is dis- 
tillable. Distillabihty, however is just one aspect of non- 
locality. Thus although this aspect of non-locality is not 
active, the Horodecki density matrices may actively man- 
ifest other forms of non-locality. For example, bound 
entanglement may be pumped into a single pair of free 
entangled particles . Here we investigate teleportation. 

Since one cannot distill pure singlets from Horodecki 
density matrices, these density matrices do not allow reli- 
able teleportation. However it might nevertheless be the 
case that these states can be used for teleportation, not 
reliably, but still with fidelity greater than that which 
may be achieved with a classical scheme. This is the 
general question we investigate here. 

First let us consider the case of spin-1/2 particles. 
Since cannot distill states formally equivalent to spin- 
1/2 singlets from the Horodecki density matrices, these 
density matrices cannot be used for reliable teleporta- 
tion of spin-1/2. Furthermore it is most probable that 
these density matrices cannot be used to tclcport spin- 
1/2 states at all with better than classical fidelity. The 
reason is the following. Suppose Alice produces locally 
a spin-1/2 singlet and teleports one of the spins to Bob. 
If Alice and Bob share a maximally entangled state of 
two spin-1 particles, then at then end of the process, this 
state is destroyed and it is replaced by a state which is 
equivalent to a maximally entangled state of two spin-1/2 
particles (i.e. the state originally held by Alice). 



If however Alice and Bob were to share a Horodecki 
density matrix, at the end of the process, the original 
Horodecki matrix is destroyed and now Alice and Bob 
share a pair of particles whose state is equivalent to one 
of spin-1/2 particles, but not a faithful copy of Alice's 
original state. Presumably however, if the teleportation 
works better than any classical scheme, we expect that 
this state is still entangled. This however cannot happen 
because from any entangled state of spin-1/2 particles 
one can distill singlets. Thus the procedure would be 
tantamount to distilling singlets from the Horodecki ma- 
trices. We thus expect that Horodecki density matrices 
cannot be used to teleport spin-1/2 states with better 
than classical fidelity. 

However the above discussion leaves open the question 
of whether spin-1 states can be teleported with better 
than classical fidelity using Horodecki density matrices. 
In particular the above argument does not rule this pos- 
sibility for the following reason. Suppose now that Alice 
were to prepare a maximally entangled state of two spin- 
1 particles and teleport the state of one of them to Bob 
using a Horodecki pair. At the end of the process the 
Horodecki matrix is again destroyed and Alice and Bob 
now share some state of two spin-1 particles. As before 
this state will not be a faithful copy of the original singlet 
prepared by Alice; however if the teleportation works bet- 
ter than any classical scheme, we expect that this state 
is still entangled. But now there is the possibility that 
this state is a state of Horodecki-type bound entangle- 
ment which does not allow distillation and thus leads to 
no contradiction of the Horodeckis' general arguments. 

Furthermore another argument which might give hope 
to the possibility that spin-1 states can be teleported bet- 
ter than the classical case while spin-1/2 states cannot, is 
that one expects that the classical fidelity to be lower for 
spin-1 than spin-1/2. This is because it is more difficult 
to identify, using a measurement, a state which may be 
anywhere in a 3-dimensional Hilbert space than a state 
which may be anywhere in a 2-dimensional Hilbert space. 
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In this letter we show that, despite the arguments pre- 
sented above, at least for some of the Horodecki density 
matrices, it is not possible to teleport spin-1 states with 
better than classical fidelity, thus confirming the remark- 
able nature of these density matrices. 

As is customary, we imagine that Alice and Bob each 
have one of the pair of particles described by the density 
matrix p a . Alice receives a particle in an unknown state <f> 
and she performs a measurement of the pair of particles 
she has, and transmits some information to Bob. The 
aim is to maximize the fidelity of transmission, averaged 
over all unknown states <f>. 

To be explicit, we write the state <fi as 

\cj> >= (c 5 + is 5 c 4 )\l > +s 5 s 4 (c 3 + is 3 c 2 )\2 > 

+s 5 s 4 s 3 s 2 e iei \'S>, (1) 

with respect to some basis |1>, |2 >, |3>, and where 
S5 = sin #5, C5 = cos #5 etc. (for simplicity we have taken 
</> to be a vector rather than a ray). With this parametri- 
sation, the U(3) invariant measure is 

dfi((f)) = 

4t sin 4 6» 5 sin 3 6> 4 sin 2 9 3 sin 9 2 d9 5 d9 4 d9 3 d9 2 d9 1 . (2) 

We first derive a general expression for the fidelity of 
transmission using an arbitrary density matrix p shared 
between Alice and Bob. A convenient parametrisation of 
p, the Schmidt representation, is 

p = -I ® I + \ri\i ® I SiXi 
9 6 6 
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+-Uj\i ® Xj, 



(3) 



where Xi are the Gell-Mann matrices (see for example 
§) which satisfy Tr{X t ) = and Tr(XiXj) = 2S tJ . Thus 
n = Tr(pXi®I), Si = Tr(pI<g)X l ), and Uj = Tr(pX l ®X j ). 
The fidelity of transmission is 



are the projection operators corresponding to the mea- 
surement Alice makes and U k are the unitary operators 
Bob performs which depend on which result Alice ob- 
tains. 



P<t> = ^1 + TjCtiXi 



(8) 



is the projection operator of the unknown input state <j>. 
The subscripts on the traces indicate the Hilbert space 
over which the trace is taken. 
Now 



PkPk 
I 1 

27 + 18 



J£ s i u q j + i2* q * <" 12 1 q qj 



-ry T {k) t- C) {k) \\ 



(9) 



where the orthogonal matrix is that induced by con- 
jugation by the unitary matrix U k : 



uWxjXjUW =x i O ( .?X j . 



(10) 



Thus 



Tr 3 (p k pkP<f>) = 



lg « ID + 12 l 1 i 13 + \2 q 13 



j-Zry t k >t- O y ' \n 

t D U P I pi Ll 1^qj > U 



(11) 



We may now do integrals over a in the expression for the 
fidelity using 



da otiMijOtj 



dfx(4>) < <t>\Xi\<t> > Mij < <p\Xj\(p > 
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F= dix(cf>)Y,PkTr 3 {p k Pt) 

"* k=l 



(4) 



-Tr(M) 



and 



(12) 



where 

Pk = T n ^ 3 (P k ® U k )(P+ ® p){P k ® E7*), (5) 
is the probability of the fc'th outcome and 

p k = —TnaiPk ® f/ fc )(i^ ® p)(A x (6) 



is the output state. 



P k = \l®I + \R { ? ] X t + s\ k) X l 
9 

+l Tl fx^x J 



(7) 



da ai = / dfi(4>) < 4>\Xi\4> >= 0. 



Thus 



F - V ( — + — r S (k) + —R ik) s (k) 



27 18 

K 

-—T {k) t- 0<*> 



(13) 



(14) 



We now put a bound on the fidelity by considering the 
maximum value of the summand. Let us call p max (with 
Schmidt components R rnax , S max , and T max ) the pro- 
jection operator which maximises the summand in (fll). 



2 



Without loss of generality we may take the orthogonal 
matrix O to be the identity. Thus 

i f 3 



A -J_ —r Qf'nax I jj_ rymax _^_T )S '"'■' / 

g n'l 1 8 9 16 P * P 



(15) 



Let us now denote by P max the projection operator de- 
fined by 



jypmaxjy 



(16) 



where N is the interchange operator which we define by 
its action on basis vectors: 



Net (g) ej = ej e^. 
We may then use the fact that 
Tr(pP max ) = 

1,1 qmax | 1 pmoi , 1 

to rewrite the bound on the fidelity as 



i rpmax 
L ij 1 ji i 



F < 



■ am 



(17) 



(18) 



(19) 



We now consider the specific case of the matrices p a in- 
troduced in HQ : 
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(20) 



We find that all the Schmidt components r q for this ma- 
trix are zero except r% which is 



r s = Tr(p a X s <g> I) = 



a - I 



V3 V8a+ 1 



Thus if we write 



Pa = Pa + 



1 



1 



Ax 



t/3 V8a+1. 
then we may write the bound on the fidelity as 
3, 



F < 



G 



+ -Tr(p P ma -) 



(21) 



(22) 



(23) 
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We now consider under what conditions the fidelity 
of teleportation can be greater than any classical pro- 
cedure. One particular classical scheme that Alice and 
Bob could use is as follows. Firstly Alice simply measures 
the unknown state cj) using an arbitrary non-degenerate 
operator. Let us call the eigenvectors of this operator 
v i, v 2, V3 with associated eigenvalues pi, P2, Pi- If 
Alice's outcome is p\ she tells Bob to guess that the un- 
known state was and so on (this procedure may not 



be the optimal classical scheme, but we will not need this 
in what follows). The fidelity of this procedure is 



3 

E 

i=l 



dfx(<f>)\ < v t \(j) > 



(24) 



Let us now return to the fidelity of teleportation. The 
maximum value of the fidelity in ( p3| ) is obtained when 
we choose P max so that p max is the projector onto the 
maximum eigenvalue of p a . If this maximum eigenvalue is 
less that |, then the fidelity of teleportation (|2^) is less 
than i and therefore the density matrix p a cannot be 
used to teleport better than the optimal classical scheme 
(which may have fidelity greater than ^). 

By direct calculation we find that for a = $ the eigen- 



values of p a are 
1/2^/3- 
3V4V34 



83 

1128 
83 

1128 
7 

141 ~ 
37 

564 4 
4 

ill 4 



^7^3-^(10588 



376 
- 376^ 

188 ' 



376 
376 (10588 



5786 VS)K 
5786^)', 



(25) 



the first eigenvalue occurs with multiplicity four. All the 
above eigenvalues are less than i. Thus we have shown 
that p^/3/2 cann ot teleport a spin one state with fidelity 
better than classical. We note that we have not limited 
ourselves to "standard" teleportation: the projectors Pk 
were not assumed to be maximally entangled. 

Numerical evidence indicates that for a roughly in the 
region 4/5 < a < 1 , the maximum eigenvalue of p a is less 
than one third. For small a, p a does have an eigenvalue 
larger than one third so the argument presented here is 
not conclusive in this case. 



C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. 
Peres and W. K. Wootters, Phys. Rev. Lett. 70 (1993) 
1895 

C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, 
J. A. Smolin and W. K. Wootters, Phys. Rev. Lett. 76 
(1996) 722 

R. Cleve and H. Burhmann, Phys. Rev. A 56 (1997) 1201 
S. Popescu, Phys. Rev. Lett. 72 (1994) 797. 
P. Horodecki, Phys. Lett. A 232 (1997) 333. 
M. Horodecki, P. H orodecki and R. Horodecki, 



yiant-ph/9801069 



[7] P Horodecki, M. Horodecki and R. Horodecki 

[8 



yiant-ph/9806058 



J.F Cornwell, Group Theory in Physics, Vol 2 (Academic 
Press, London, 1984). 



3 



